We present models for a heteronuclear diatomic molecular ion in a linear Paul trap in a rigid-rotor approximation, one purely classical, the other where the center-ofmass motion is treated classically while rotational motion is quantized. We study the rotational dynamics and their influence on the motion of the center-of-mass, in the presence of the coupling between the permanent dipole moment of the ion and the trapping electric field. We show that the presence of the permanent dipole moment affects the trajectory of the ion, and that it departs from the Mathieu equation solution found for atomic ions. For the case of quantum rotations, we also evidence the effect of the above-mentioned coupling on the rotational states of the ion.
I. INTRODUCTION
Laser-cooled or sympathetically-cooled atomic and molecular ions have been in the spotlight in recent years, due to their great potential in the study and development of many fields, such as chemical reactions, [1] [2] [3] [4] [5] [6] high-precision spectroscopy, 7-9 atomic optics, and in many other fast developing fields related to quantum information and quantum computing, where the manipulation of the internal states of these ions has become possible.
10-15
One of the most applied techniques to trap these cold ions is known as the Paul trap, using time-dependent radio-frequency electric fields. 16 Paul traps, specifically those with a linear configuration, 17 consist of electrodes designed to surround an inner space where the trapping of a single charged particle, as well as the simultaneous trapping a string of charged particles, occurs. This makes them highly suitable to be used in experiments involving laser control of the ions, since the spacing between the electrodes as well as the spacing between the ions provide a good environment for this purpose. [18] [19] [20] In this regard, large scale studies of trapped ions in large scales, in the form of Coulomb crystals, have become feasible, with promising developments for large-scale quantum simulations and quantum computations.
11,21-23
While there have been many experimental studies using molecular ions, on the theoretical side there have been few attempts to treat them differently than atomic ions, at least with respect to their interaction with the trapping electric field. In particular, the rotation of the molecular ions has been considered mostly with respect to a coupling with an external laser field.
15,24-26
In this paper we study the dynamical behavior of a rigid, heteronuclear diatomic molecular ion trapped inside a linear Paul trap. We investigate the coupling of the permanent dipole moment of the molecular ion with the trapping electric field and its effect on the rotational dynamics of the ion and also on the center-of-mass motion of the ion. We develop classical and semi-classical models of the molecular ion, where rotation is treated classically and quantum mechanically, respectively. We carry out simulations of the motion of the center of mass, including the effects of the interaction between the trapping electric field and the permanent dipole moment of the molecular ion, by solving the classical equations of motion.
Classical rotation is treated using the "body vector method," 27 while a basis set of spherical harmonics is used to describe the quantum rotational wave function.
This paper is organised as follows. First, we introduce our model for a rigid diatomic Finally, concluding remarks are given in Sec. V.
II. HAMILTONIAN OF A RIGID DIATOMIC MOLECULAR ION IN A LINEAR PAUL TRAP A. Quantum-mechanical Hamiltonian
We consider a diatomic molecular ion inside a linear Paul trap, 17, 28 combining a quadrupole, time-dependent, radio-frequency electric potential and a static electric potential,
in which, for an ion located at position (X, Y, Z),
Φ s = κU 0 z 2 0
where V 0 and U 0 are the amplitudes of the radio-frequency (with frequency Ω) and static potentials, respectively, r 0 and z 0 are parameters representing the dimensions of the trap, and κ is the geometric factor, which is solely dependent on the configuration of the trap.
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The Hamiltonian of a free diatomic molecular ion in a rigid rotor model, where the nuclear vibrations of the ion are ignored, has the form
with M the total mass of the diatomic molecular ion. The derivatives in the first term are with respect to the position of the center of the mass of the ion, R. The second term represents the rotational energy of the ion, withĴ the total angular momentum operator, the operatorĴ 2 having eigenvalues J(J + 1)h 2 , and the rotational constant is
where I = m red r 2 is the moment of inertia, with m red and r the reduced mass and internuclear distance, respectively. The rigid rotor approximation we are using implies that the latter is fixed, i.e., r = const.
In addition to having a non-zero electric charge, we take the diatomic molecular ion to be heteronuclear, which means that it possesses a permanent dipole moment that will also interact with the electric field of the Paul trap. Adding the interaction of the ion with the trapping field to Hamiltonian (3), we get
in which Ze is the total charge of the ion (with e the elementary charge), µ is the permanent dipole moment, of magnitude µ 0 , and E ≡ −∇Φ is the trapping electric field, at the position R of the ion.
B. Classical Hamiltonian
Classically, we approximate the diatomic molecular ion inside a trapping potential as a dipolar rigid rotor, consisting of two masses m − and m + with partial charges δ − and δ + , respectively, kept spatially separated at a constant distance. A complete derivation of the kinetic and potential energy terms is given in Appendix A, resulting in the classical
in the point-dipole approximation, with I the moment of inertia andω the angular velocity.
The corresponding classical equation of motion for the center of mass is
which differs from that of a classical atomic ion [28] [29] [30] in an additional term representing the coupling of the electric field with the permanent dipole moment. As shown in many previous works, the equations of motion of an atomic ion inside a Paul trap obey the Mathieu equation 28,29
The Mathieu equation has stable solutions and hence bounded trajectories depending on whether its parameters (a and q) fall within a certain range -called stability regions -in the a − q plane or not. 31 For an ion inside a Paul trap, a and q depend on the mass of the ion, the magnitude of the field, and the parameters of the trap. For an ion in a linear Paul trap, corresponding to the potential in Eqs. (1) and (2), setting τ = Ωt/2, we have
Even though the equation of motion for a diatomic molecular ion, Eq. (7), does not reduce to a Mathieu equation, taking the term ∇ [µ · E(R, t)] as a small perturbation (we will investigate this below), one can still use the stability criteria of the Mathieu equation as a guideline for the stability of the trap for a molecular ion.
III. NUMERICAL METHODS

A. Classical approach
The classical representation of the rigid rotor, Hamiltonian (6), has five degrees of freedom: the three Cartesian coordinates of the center of mass, along with two angles positioning the internuclear axis of the diatomic ion in space, see Fig. 1 . We consider three different coordinate systems: the laboratory-fixed system (X, Y, Z), the COM (center-of-mass) system (x, y, z), which is taken to be parallel to the laboratory-fixed frame, but centered on the center of mass of the molecular ion (see also Appendix A), and the body-fixed system (x , y , z ), with its origin at the center of mass, but with axis z always co-linear with the internuclear axis (and hence with the dipole moment µ).
Expanding the dipole moment vector into its components in the COM frame (x, y, z), we
in which µ 0 is the magnitude of the dipole moment andx,ŷ, andẑ are unit vectors along the axes and θ and ϕ are the polar and azimuthal angles, respectively (see Fig. 1 ). We can also expand the trapping electric field at the position of the ion into its component as
where we have used the potential defined by Eqs. (1) and (2) . The coupling term of Eq. (6) then has the form
cos Ωt Y (12)
It is clearly evident from this equation that the interaction between the dipole moment and the electric field has not only a spatial dependence, but also is dependent on the orientation of the ion inside the trap.
A direct numerical simulation of the equations of motion corresponding to the Hamiltonian (6) is impractical, as these equations contain a term in 1/ sin 2 θ, and thus are singular at θ = 0. In order to avoid this problem, we use the "body vector method," 27 where it is assumed that the diatomic molecular ion is actually a rigid rotor (di-axes body) with a principal inertia tensor of the form
in which I x = I y = I ≡ m red r 2 (m red is the reduced mass and r is the internuclear distance)
and I z = 0 (i.e., there is no rotation around the internuclear axis), all expressed in the body-fixed coordinate system (x , y , z ). Following the body vector method, we introduce unit vectors along these axes, namelyx ,ŷ ,ẑ . These unit vectors have components with respect to the COM-frameû
whereû ∈ {x ,ŷ ,ẑ }.
Setting the internuclear axis (or µ) along the z axis, the unit vectorẑ simply gives the direction of the dipole moment in space. 27 These vector are similar to the variables described by Cheung 32, 33 to avoid singularities in the equations of motion for diatomic molecules. As a result, we can write the dipole moment vector as
in which the components ofẑ can be written in terms of θ and ϕ z x = sin θ cos ϕ ,
in accord with Eq. (14) and Fig. 1 .
We can now simply rewrite Eq. (12) using the new representation of the dipole moment, with the interaction term in the Hamiltonian not being explicitly dependent on the angles (θ, ϕ). Instead, the change in the direction of the dipole moment is equivalent to the temporal change of the direction of the principal axes according tô
where ω P is the principal angular velocity of the dipole, precessing around its principal rotational axes. To write the equations of motion, we need to calculate the torque in the lab-fixed frame, T L = µ×E, which is imposed on the dipole moment by the external electric field. 34 To calculate the time evolution of the dipole moment, Eq. (17), we need the principal torque T P , which is obtained from the relation
where A T is the transpose of the rotation matrix 35 whose columns are the principal axes unit vectors
As there is no rotation along the internuclear axis, ω P z = 0 and there is no torque in the
, T P z = 0, the equations of motion for rotation are written as
Finally, the equations which describe the dynamical behavior of the ion inside the linear Paul trap, classically, are
(since only two coordinates are necessary to locate the dipole in space, we obtainŷ from y =ẑ ×x ),
with
where we have defined
B. Semi-classical approach
A direct simulation using the full quantum Hamiltonian (5) would be quite numerically intensive, owing to the five degrees of freedom, the large amplitude of the motion in the trap, and the impossibility of separating the problem along Cartesian coordinates (in contrast to the case for atomic ions 30 ) due to the coupling of the rotation with the trapping potential.
Using the fact that the expectation value for the center-of-mass motion follows the classical equations of motion, 30,36-38 we instead build a semi-classical model, where the center-of-mass motion is treated classically, but the fully-quantum rotational wave function is calculated, according to the Schrödinger equation
where Ψ rot (θ, ϕ; t) is the rotational wave function of the molecular ion and E(R, t) is the trapping electric field at the position of the ion, R, obtained classically, see Eqs. (33) below.
The wave function can be expanded on the basis of field-free rotor states (spherical
where the expansion coefficients D J,M are time dependent complex values that determine the rotational state of the ion.
Solving the time-dependent Schrödinger equation (24) using the expression of the rotational wave function in Eq. (25),
results in a set of coupled equations for the time evolution of the coefficients,
in which the kets |J, M correspond to the spherical harmonics Y J,M (θ, ϕ). Using Eq. (12) for the interaction of the dipole moment with the electric field and substituting trigonometric functions with their equivalent spherical harmonics 39 gives
and hence
Using Clebsch-Gordan coefficients and their related 3j-symbols, we have
with n = −1, 0, 1. The selection rules for non-zero values of the the Clebsch-Gordan coefficients in Eq. (30) imply the relations
The classical equations for the motion of the center of mass were given in the previous section, Eqs. (21a)-(21d), and they involve the orientation of the dipole through the vector ẑ , Eq. (16). As θ and ϕ are not, in the semi-classical approach, classical variables, we need to modify the above treatment for the center-of-mass motion. To take into account the effect of rotation, we calculate the orientation of the dipole using
where we have indicated explicitly that the expectation values are time-dependent variables.
Finally, the time evolution of a rigid-rotor diatomic molecular ion trapped in a linear Paul trap, in the semi-classical model, is obtained from the coupled differential equations
with b 1 and b 2 defined by Eq. (23) . Note that this is different from the result that would be obtained by a simple classical approximation of the momentum term in Hamiltonian (5), as this would omit the effect of the coupling term µ · E on the center-of-mass motion.
C. Numerical implementation
To solve the equations of motion, both for the classical and the semi-classical models, we use a 4th-order Runge-Kutta-Fehlberg integrator. 40, 41 The time step is taken to be equal to ∆t = 1 × 10 −14 s. In the classical simulations, this choice of time step ensures that the unit vectorû remains normalised at each time step. 
IV. RESULTS
In both classical and semi-classical simulations we have used MgH + ion as an example.
The magnitude of the permanent dipole moment of the ion, µ 0 , as well as its rotational 31 Note that these stability regions hold along both x and y, as they depend on a and |q|, while the trapping along z is unconditionally stable.
We chose our parameters from the second stability region since it provides trapping potentials which are large enough to magnify the effect of the coupling between the dipole moment and the trapping field. However it needs to be mentioned that we also ran simulations for much smaller trapping potentials [for example (1820 V, 500 V)], in the first stability region. Although the effect of the coupling between the dipole and potential field was not as significant in the latter case, by changing the initial energy of the ion, either by increasing its initial kinetic energy or putting it off-center, we obtained results qualitatively similar to the ones presented here.
In our simulations, the ion is located initially (t = 0) at the center of the trap. However as we mentioned in the previous paragraph, choosing an initial position other than the center of the trap gives the same qualitative results. We also assign an initial linear momentum We have also investigated the role of the initial orientation of the ion, by changing the initial values of θ and ϕ, as mentioned above. The result is also shown in Fig. 4 , where we see a strong dependence of the trajectory on this initial orientation. It is interesting to note that, nevertheless, the deviations in the trajectory show the same periodicity and have the same zero crossings. It appears that the orientation of the dipole significantly changes the trajectory only at the turning points of the latter. As expected, these turning points are also where the rotations are the most hindered by the dipole-field coupling, as evidenced by the rotational energy
see Fig. 6 .
B. Quantum rotation
In the semi-classical simulations, the initial state of the ion is chosen as for the classical simulations, except for rotations, where we take the initial quantum rotational state to correspond to a specific spherical harmonic |J, M . In other words, all coefficients D J,M in Eq. (25) are equal to zero at t = 0, except for one which is set to 1. All the results presented here for the semi-classical model are for the highest magnitude of the trapping field used in the classical simulations, namely U 0 = 7080 V, V 0 = 3000 V. 
Effect of the dipole moment on the trajectory
The results for the center-of-mass motion of the ion in the semi-classical model, starting from the initial rotational states |0, 0 and |1, 0 , are shown in Fig. 7 . As previously, we also present the difference between the trajectories obtained with and without a dipole moment.
Only results along the X and Y axes are presented, as there is no effect on the Z component of the trajectory. Comparing to the result for the classical model, Fig. 4 , we see that the effect of the quantum rotation on the center-of-mass motion is smaller. In addition, the deviations in the trajectories are smaller when the ion is initially in an excited state (J = 1) in comparison to the rotational ground state (J = 0).
Effect of the trapping field on the rotation of the ion
We now shift our attention from the center-of-mass motion to the effect of the external trapping electric field on the rotational dynamics of the molecular ion. In Fig. 8 , we plot the time evolution of |D 0,0 (t)| 2 , the probability of finding the ion in the ground rotational state |0, 0 . We see that the trapping field causes a small perturbation in the quantum rotation of the diatomic ion, as is clearly evidenced by the local value of the field felt by the ion, which is also plotted in Fig. 8 . The trapping field is thus coupling the ground rotational state to excited states, but the ion appears to return adiabatically to the ground state as it revisits a low-field region.
Comparable results are obtained when starting from the excited states |1, 0 or |1, 1 , as shown in Fig. 9 . Starting from the state |1, 1 , one sees, Fig. 9(a) , a strong exchange with the corresponding sub-level with opposite M = −1, |1, −1 , with limited transfer to the state |1, 0 [note the difference in scale in Fig. 9(a) for the latter state]. Similarly, starting from |1, 0 , the ion basically stays in that state, as shown in Fig. 9(b) .
By summing over the probabilities of finding the ion to be in one of the sub-levels above,
i.e.,
for J = 1, we see in Fig. 9 (c) that the excited states are less perturbed by the external field than the ground state, especially when starting from |1, 0 . Nevertheless, the states corresponding to J = 1 follow the same temporal changes as the local electric field, as was the case for the ground state.
Finally, we have also compared the time evolution of the first three rotational states of the ion corresponding to quantum numbers J = 0, J = 1 and J = 2, by studying their populations |D J (t)| 2 , Eq. (35), in Fig. 10 . As we see, the rotational ground state is the most affected state by the interaction of the electric field with the dipole, while on the other hand, the states corresponding to J = 2 are hardly affected by the trapping field. This confirms the tendency that was seen in Figs. 8 and 9 , that the higher the energy of the rotational state, the less it is affected by the interaction between the trapping electric field and the dipole moment. It can be understood by considering that the lower the value of J, the more the presence of the dipole-field interaction µ · E affects the rotational eigenstates, see
Refs. 45 and 46.
V. CONCLUSION
We have studied the dynamics of a rigid heteronuclear diatomic molecular ion trapped in a linear Paul trap by carrying out both classical and semi-classical numerical simulations.
We have investigated the effect of the interaction between the permanent dipole moment of the ion and the time-varying trapping electric field on the motion of the center of mass of the ion, along with the effect of the field on the rotation of the ion.
Classically, we showed that the trajectories of the center of mass differ from those of an equivalent ion without a permanent dipole moment. The trajectories obtained therefore do not follow the Mathieu equation, as atomic ions do, but present nevertheless the same periodic oscillations. We observed that the deviation of the trajectories of the motion of the molecular ion is strongly dependent on its initial orientation (orientation of the dipole) inside the trap, for the same magnitude of the electric field. Similarly, a stronger trapping field lead to a greater divergence between the trajectories with and without a coupling between the field and the dipole moment of the ion.
Considering quantum rotation in a semi-classical model, we found that the time evolution of the rotational states of the ion follows closely the time evolution of the trapping electric field. Therefore, when the electric field is zero, the initial rotational state of the ion is fully populated and as soon as the electric field increases from zero, the probability of finding the ion in other rotational states becomes non-zero. We showed that higher rotational states of the ion are less affected by the interaction of the dipole moment with the trapping electric field. We also found that the trajectory of the ion is less affected by the coupling between the trapping field and the dipole moment when quantum rotation is considered, compared to classical rotation.
In all cases, we found that the deviations of the trajectories from the Mathieu equation
did not lead to unbounded trajectories. In other words, the stability of the trap was not affected by the presence of the coupling between the dipole moment and the trapping field for the potential values U 0 and V 0 used in this study. Future work should explore whether there exists instances where this is not the case, maybe very close to the border between stable and unstable trajectories.
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where M ≡ m + + m − is the total mass of the molecular ion. The position of the partial charges relative to the center of mass, r ± , are obtained from
from which we get
so by definition of the center of mass, we have that
Similarly, starting from the momentum
we deduce that m +ṙ + + m −ṙ − = 0 (A6)
Using the above definitions, we can find the partial charges by imposing that
with Ze the total charge of the ion and e the elementary charge, along with
with µ the dipole moment of the molecular ion.
a. Center-of-mass frame
We define an additional reference frame (x, y, z) centered on the center of mass of the molecular ion, that remains aligned with the lab reference frame (X, Y, Z), i.e.,x is always parallel toX, etc., where theˆdenotes unit vectors. In the center-of-mass frame, the vector r + can be expressed in spherical coordinates as r + =xr + sin θ cos ϕ +ŷr + sin θ sin ϕ +ẑr + cos θ,
with its time derivativeṙ + =xr + θ cos θ cos ϕ −φ sin θ sin ϕ +ŷr + θ cos θ sin ϕ +φ sin θ cos ϕ
where we have made use of the rigid rotor approximation,ṙ + = 0. From this, we geṫ 
For r − , we have to make the substitutions θ → π − θ and ϕ → ϕ + π, hence r − = −xr − sin θ cos ϕ −ŷr − sin θ sin ϕ −ẑr − cos θ,
from which we recoverṙ
Kinetic energy
Using the notation v ≡ṙ, the kinetic energy is given by 
From the definition of the center of mass, we have
where I ≡ m red r 2 is the moment of inertia andω the angular velocity.
Potential energy
We consider only the interaction of the partial charges δ ± with an external electric field Φ,
Considering the form of the electric potential inside a Paul trap [see Eqs. (1) and (2)], we can separate it into Cartesian components
such that the Taylor expansion of Φ(r ± ) = Φ(R + r ± ) around the center of mass is given by Φ(R + r ± ) = Φ(R) + (r ± 
where we have made use of Eqs. (A7) and (A8), along with the relation for the electric field E = −∇Φ. Neglecting term including the second derivative of the potential with respect to the coordinates, which is the gradient of the field, corresponds to approximating the system as a point dipole.
